Keynesian multiplier versus velocity of money  by Wang, Yougui et al.
Physics Procedia 00 (2010) 001–006 
www.elsevier.com/locate/procedia
Available online at www.sciencedirect.com
Keynesian Multiplier versus Velocity of Money 
Yougui Wanga,b,*, Yan Xua,b, Li Liua
aDepartment of System Science, School of Management, Beijing Normal University, Beijing, 100875, P. R. China
bCenter for Polymer Studies, Department of Physics, Boston University, Boston, MA 02215, USA
Elsevier use only: Received date here; revised date here; accepted date here 
Abstract 
In this paper we present the relation between Keynesian multiplier and the velocity of money circulation in a money exchange 
model. For this purpose we modify the original exchange model by constructing the interrelation between income and 
expenditure. The random exchange yields an agent’s income, which along with the amount of money he processed determines his 
expenditure. In this interactive process, both the circulation of money and Keynesian multiplier effect can be formulated. The 
equilibrium values of Keynesian multiplier are demonstrated to be closely related to the velocity of money. Thus the impacts of
macroeconomic policies on aggregate income can be understood by concentrating solely on the variations of money circulation. 
© 2009 Published by Elsevier B.V. 
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1. Introduction 
Recently, a sort of agent-based models has been developed in econophysics to explain the power-law distribution 
of wealth and income [1-5]. The most basic version was proposed by Dragulescu and Yakovenko in 2000 [2]. They 
described the agents who exchange money with each other in a closed economic system as ideal gas molecules. 
Continuous trading make money eventually distributed among agents with a stable form of exponential function. In 
the following works, different exchanging rules were proposed, leading to different consequent stationary 
distributions. For instance, Chakraborti and Chakrabarti add saving behavior into the random exchanging rule and 
find that a uniform saving rate leads to a gamma distribution [3]; while an individual quenched saving rate leads to a 
power-law distribution [4]. 
This kind of models is called money exchange model, which gives a simplest abstract of economic system. The 
essence of any economic activities, no matter employment, investment or purchase, is exchange, and money always 
serves as the exchange medium of those economic activities. Thus money exchange model can be applied into other 
economic issues with a novel viewpoint. Up to now, we have studied income mobility and velocity of money with 
this model [6, 7]. For example in the latter work, we examined how money circulates in an economy, and found that 
the expression of the velocity of money can be presented in the form of holding time. Besides the velocity of money, 
this framework also provides us a good circumstance for analyzing the multiplier process. 
The Keynesian multiplier was raised by John Maynard Keynes, who found an exogenous increases in spending or 
investment will make the total new spending a multiple of the initial amount [8]. The story is as following. If 
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government increases its outlays, it allows businesses to hire more people and pay them, which in turn allows a 
further increase in consumer spending. The reiteration of this feeding back eventually results in a considerable 
amount of new production. Thereby, we have a multiplier effect stimulated by modest government outlays. In real 
economies, the increment of investment can be aroused by either fiscal policy or monetary policy. With this 
prescription, the government of the United States selected the active policies to get rid of the great depression and 
achieved the post-war economic expansion in last century [9,10]. It also serves as one of main building blocks in 
Keynesian aggregate demand theory, and has become a staple in macroeconomic economics [11,12]. 
The multiplier has been perceived that it has a close relationship with money circulation since the moment it was 
brought up by Keynes. Before he wrote his renowned book General Theory, Keynes has published two books on the 
issue of money [13]. Many ideas are the natural continuation of his preceding thoughts when he conceived the 
General Theory. The multiplier is especially one of the cases [14]. Although the derivation of multiplier is claimed 
to be proceeded in the framework of real economy, money has been proved to be well-suited to carry out the study 
of multiplier process [15]. The reason is that there is always a reverse of money transaction corresponding to any 
kinds of real transactions. Along this line, soon later the focus of this topic shifted to the relation between the 
multiplier and velocity of money circulation [16-20]. The raised question was whether the multiplier and velocity 
can be reconciled. Unfortunately, this discussion ended without a definite conclusion and the preliminary 
achievements were not absorbed into the mainstream economics, so that they are not spread in the kingdom of 
economics. 
The purpose of this work is to examine this core concept of macroeconomics in the framework of money 
circulation. We have demonstrated the realizing process of Keynesian multiplier with the help of this kind of model 
[21]. Our current emphasis is placed on analyzing the relationship between multiplier and the velocity of money. 
2. The Model and Simulations 
Just like other money exchange models. There are N agents in a closed economy. They possess M units of money 
and trade randomly with each other. In each turn two agents are chosen in a random way as a trade pair. Both bring 
forward their expenditures and put them together. The sum then is divided randomly into two parts and assigned to 
the two agents as their incomes respectively. The amount of money that will be transferred in each turn is 
determined by a specific trading rule [22]. But in previous models, when the paying behavior of one agent is 
considered, the determinant of payment is only the amount of money he possesses. Indeed, the expense of people 
depends on the amount of their wealth, but the main determinant of it is their current income [23]. Therefore, the 
income should be introduced in the formation of payment. 
In reality, the income of any agent can be measured by summing up all his receipts during a given period. For 
convenience, in our model the amount of money an agent received at the latest trade is defined as his current income. 
So, once one agent is chosen as a trader, the amount that he takes out to make exchange is determined by his income 
and the amount of money he holds. Then the expenditure ie  of agent i can be formulated as follows 
iii yme ED  ѽҏҏҏҏҏҏҏҏ 
where im denotes the amount of money that agent i holds, and iy  is his income received at the latest trade. 
Correspondingly, D  is named as marginal propensity to expend with respect to wealth, E  is called marginal 
propensity to expend with respect to income. 
 In each turn, two traders put their expenditures together and divide it randomly into two parts. Then each takes 
back one part arbitrarily. According to the definition of income mentioned above, the share each one gets is his 
income in next trade. This operation implies that in a trade between a pair of agents j and k, the following equality 
always holds 
jiji eeyy    
Summing up all agents’ incomes at a certain moment, we have aggregate income of the whole system at this 
moment, which can be expressed as 
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This sum is equivalent to total trading volume of N/2 turns, since each agent takes part in one trade in average during 
this period. 
Because of conservation of money, even though the amount of money that any individual agent possesses may 
change with time in the process of trading, their sum is a constant until it is adjusted exogenously, which is of the 
following form 
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Integrating Equation (1) for all agents during the period of N/2 turns yields 
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as aggregate expenditure of the system, taking Equations (4) and (5) into account, we then have 
 YME ED   
Comparing this with the expenditure equation in the textbooks of economics, we can learn that the former term in 
the right side of Equation (6) is autonomous expenditure and the latter one is induced expenditure [12]. The 
multiplier process describes the change in aggregate income as response to an initial change in autonomous 
expenditure. 
Fig. 1  Responses of the multiplier and velocity to the changes of a) M=20000; b) Į=0.1 in the case of M=50000, Į=0.1, and ȕ=0.8. 
In our model, the autonomous expenditure is governed by two parameters, one is the amount of money M, and 
the other is marginal propensity to expend with respect to wealth Į. For instance, given initial conditions as N=5000,
M=50000, Į=0.1, ȕ=0.9, we carry out simulations on the model. The system eventually gets to a steady state. At a 
moment after that, we inject an additional amount of money ǻM=20000 to the system. We first observe how the 
aggregate income evolves with time after the injection. The simulation results show that the old equilibrium is 
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broken by the abrupt increase of money, then aggregate income begins to increase for a while and finally attains a 
new equilibrium with higher level. 
The Keynesian multiplier is defined as the ratio of difference between the two levels of income to the increase in 
autonomous expenditure. Similarly, the velocity of money can also be measured in the evolution of the system. Its 
value can be obtained by dividing aggregate income with total amount of money. We measure their values when the 
values of two parameters Į and ȕ are given and compare the evolutions of them via varying the amount of money 
and parameter Į respectively. For instance, when the amount of money is increased from M1=50000 to M2=70000, 
as shown in Figure 1(a), the multiplier exhibits the same profile as that of income, it gradually increases and 
approaches a new higher steady value, but the velocity of money first drops off, then rebounds and gets back to its 
original level. When we increase Į from 0.1 to 0.2, as a response, both the multiplier and the velocity directly go up 
and achieve their corresponding new equilibrium levels. This comparison is plotted in Figure 1(b). From Figure 1 it 
can be seen that the multiplier and the velocity exhibit synchronous response during the transition process, even 
though the behaviors are different. 
3. Theoretical Analysis and Discussion 
At aggregate level, the current expenditure is equal to the income of next period. For this reason, we express the 
relation between them in the following, adding time to the variable at subscript 
 tt EY  1  
When the system gets to its equilibrium state, the aggregate income reaches a steady level, i.e.,  
 tt YY  1  
We rewrite Equation (6) as 
 ttt YME ED   
Combining above three equations, we have the expression of equilibrium income 
 Ms
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E
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1  
where E 1s , which is usually called marginal propensity to save. From this result, we can see any change of 
autonomous expenditure will lead to a change in equilibrium income. According to the definition of multiplier, we 
denote k as multiplier, then we obtain 
 sM
Yk 1 
'
' 
D  
The multiplier is the reciprocal of the marginal propensity to save. This formation is as the same as that in 
economics literature. Since s is less than 1, it is obvious that multiplier is greater than 1. 
Now we turn to the relation between the multiplier and the velocity of money. As the price level is assumed to be 
1, the simplified version of quantity equation of money is given by 
 MVY   
where V is the velocity of money circulation. Comparing (10) with (12), the velocity can be expressed as 
 s
V D  
Considering㧔11㧕 we get the relationship of them immediately 
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This result tells us that the velocity of money is proportional to the multiplier.  
P. Dalziel has almost approached the same relation through process analysis in reference [20], where he proves 
that the velocity is equal to the Keynesian multiplier. This corresponds to a special case of equation (14) where Į=1. 
In his analysis, it is assumed that each unit of money will participate in exchange once in every round, resulting in 
Į=1. Actually, not every unit of money can be involved in exchange during a given period, so the introduction of 
parameter Į is necessary and its magnitude is dependent on the length of the round. It has never been stated how 
long one round is in process analysis. From a comparison of Dalziel’s and our conclusions, it can be deduced that 
the length of one round used in process analysis is equal to a time period that satisfies Į=1. This is fallacious since it 
cannot hold at all cases when we define one unit of time of income and expenditure as usual. 
The crucial premise for getting the multiplier is the equality described by Equation (7), which states that the total 
expenditure at a certain time period determines the aggregate income of next period. This relation can hold only in 
the framework of money circulation, since in any exchange each bill of one’s expense should be the receipt of one 
another. The equality of expenditure and income is always regarded as equilibrium condition in goods markets, 
which means that Equation (7) only holds at the final equilibrium state. However, at every step of the iteration the 
equality is indispensable. Otherwise the multiplier cannot be derived. So during the entire process of multiplier, the 
equality is always necessary. This shows it is not merely an equilibrium condition. The equation (7) is the intrinsic 
character of money circulation. We cannot derive it from the nature of goods markets.  
In traditional economics literature, the autonomous expenditure presents in various forms, it can be investment or 
a part of consumption, the most popular form is government spending. Correspondingly, several types of multiplier 
have been proposed and investigated, such as investment multiplier, government spending multiplier etc. In our 
model, expenditure is divided into two parts, one is from current income, and the other arises from the money stock. 
Thus the autonomous expenditure is closely related to the stock of money and the velocity of money. The policy 
implication of Keynesian multiplier is that expansion of investment or of government spending will lead to a higher 
income level. In fact, whatever the form autonomous expenditure appears, the final effects can be achieved only 
through two channels: changing the amount of money supplied or speeding up or slowing down the velocity of 
money circulation by changing the value of Į. Thus, we can study the effects of any macroeconomic policy on 
aggregate income by examining how they affect the amount of money and the velocity of money, without 
mentioning multiplier any more. This provides us an explicit and direct way to approach the essence of the 
multiplier story.  
4. Conclusion 
In this paper, we exhibit the multiplier process based on a money exchange model and examine the relationship 
between it and the velocity of money circulation. The crucial assumption in our model is that the expending 
behavior of agents is associated with not only the amount of money but also the income they received in exchange. 
Computer simulations demonstrate that the multiplier process is a transition of the economic system from an old 
equilibrium to a new one, while the multiplier and the velocity vary synchronously in the evolutionary process. We 
made a derivation of the relation between the steady values of them and found a proportional correlation. These 
results indicate that Keynesian multiplier is just a projection of the velocity of money with a zoom rate at a given 
time scale. So they can be reconciled and can substitute with each other in some degree. 
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